Biophysical Chemistry 17 (1983) 245258 245
Elsevier Biomedical Press

ENTROPY EFFECTS ON THE ION-DIFFUSION RATE IN TRANSMEMBRANE PROTEIN
CHANNELS

Jiargen BRICKMANN and Walter FISCHER

Institur fiir Physikalische Chemie, Technische Hochschule Darmstadt, Petersenstr. 20, D-6100 Darmstadt, F.R.G

Received 31st August 1982
Revised manuscript received 26th November 1982
Accepted 7th December 1982

Key words: lon diffusion; Entropy effect; Ion channel; Biological membrane

We treat the transport of univalent cations through pore-like protein channels in biological membranes analytically, using
two models (A + B) for the channel and the ion-chaanel interaction. A Lennard-Jones-type repulsion between the icns and the
pore wall is introduced. We also include Van der Waals- and coulomb-type interactions between polar ligands of the
pore-forming protein (e.g., carbonyl groups directed towards the axis of the channel) and the migrating particles. In model A,
the polar groups are assumed to occur in pairs of dipoles pointing in opposite directions (as in the gramicidin A channel). while
in model B the channel is treated as a pore with a radially isotropic charge distribution. In both models the ion-channel
interaction leads to the occurrence of periodic potentials, corresponding to quasi-equilibrium and transition state sites of the
jon in the pore. The diffusion rate can be calculated employing rate-theoretical concepts on the basis of microscopic
parameters. It is demonstrated that the anomaly (inversion of the normal mass effect) for the transport rates of different ions
can be related to differences in the activation entropy. The latter quantity is estimated analytically for both models. As a test,
we performed numerical calculations with parameters based on the gramicidin A model. The results are in good agreement
with experimental data and data from computer simulations. This shows that simple analytic expressions are well suited for

predicting trends in the ionic conductivity of protein channels on the basis of microscopic interactions.

1. Introduction

There is now considerable evidence that cation
diffusion through biological membranes takes place
via transport mechanisms which are totally differ-
ent from those of ion diffusion in aqueous solu-
tion. The ions can be transported by carrier mole-
cules across the membrane or can migrate directly
through pore-like protein channels. The latter
mechanism is examined in the present work. It is
well known from a variety of experimental [1-8]
and theoretical investigations [9-13] that ion
transport through membrane channels can be
treated within rate-theoretical models. In these
models, the overall transport rate is the product of
three different contributions: the association (de-
hydration) of the ion with the channel, its trans-
port from one end of the channel to the other

0301-4622 /83 /0000-0000,/503.00 € 1983 Elsevier Science Publishers

(migration), and the dissociation (hydration) of the
ion from the channe! to the liquid. Since the
geometrical parameters of ion channels in bio-
membranes are of the order of magnitude of the
diameter of small molecules, there is no a priori
justification for using concepts appropriate to a
free liquid to describe transport phenomena. Each
of the three main steps (dehydration. migration.
hydration) has to be studied from a microscopic
point of view. Each of them can substantially
contribute to ion-specific transport properties. The
subject of this paper is related to th> migration in
the channel interior. In particular, the influence o.
structural inhomogeneities of the channel on the
migration rate of different ions °5 studied. In gen-
eral, real protein channels have a highly com-
plicated structure and a detailed analysis of the
influence of microscopic interaction between the



246 J. Brickmann, W. Fischer/Entropy effects on ion diffusion

penetrating particle (ion. ion plus water molecules)
and the molecular groups forming the channel is
not possible as a consequence of a substantial lack
of microscopic information. However. the situa-
tion is much better for a model channel formed by
a dimer of the gramicidin A molecule. the struc-
ture of which is well known {14,151 and for which
much experimental information on the 1on-diffu-
sion rate through single channels 1s available
2.3.16.17]. This model channel has a helical struc-
ture with a central tunnel with a diameter of about
4 A. A single ion or an ion-water complex passing
through the channel will interact primarily with
the peptide carbonyl groups of the gramcidin A
molecule. since these groups have a high polarity
causing a strong coulombic interaction with the
cation. and since the CO groups are closest to the
<hannel axis. There are six carbonyl groups in a
single turn of the molecular helix directed towards
its axis with an angle of about 20° with respect to
the axis. The orientation of these groups alter-
nates. producing a periodic potential for the ion
migrating along the helix axis.

The detailed information available for the
gramicidin A channel allows the study of the
ion-transport mechanism from a microscopic point
of view, at least on the basis of simplifying model
assumptions. The results of first attempts towards
this goal were recently presented by Fischer et al.
{18]. The authors performed molecular dvnamics
calculations for the ion migration on the axis of
the helix assuming pure electrostatic interactions
between the ton and flexible carbonyl groups. It
was demonstrated that the molecular dynamics
results are in good agreement with those obtained
from the vate theory analysis of Liuger and co-
workers [9.19]. However. no conclusions which
lead to an understanding of the selectivity effects
and anomalous diffusion behaviour found experi-
mentally by Neher and ¢o-workers [2.3] can be
diawn from these investigations.

The authors of the experimental work found
that the single-channei diffusion rates of the univa-
lent catiens Li*. Na®, K™ and Rb " increase with
increasitig. mass of the migrating particles while
rate-theory analvsis for site-to-site diffusion pre-
dicts a decrease proportional to the square root of
the mass of the particle [20.21]. An extension of

the molecular dynamics sirnulation of the present
authors [22] now indeed shows the correct trend
for the mass dependence of the ion-diffusion rate.
in this model the ions were allowed to move not
only along the channel axis but also perpendicular
to it. Van der Waals potentials for the ion-carbonyl
interaction were added to the ionic potentials and
a repulsive non-ionic potential was introduced at
the “walls’ of the channel to prevent the escape of
the ion during the numerical simulation. Although
the numerical results show the correct trend for
the mass dependence of the ion-diffusion rate,
such ‘numerical experiments’ cannot give an ex-
planation of the principle underlying this trend.

In this paper we present the results of a rate-
theoretical analysis based on a model approach
similar to that used in our numerical work. In
section 2 the different aspects of our models are
described. In section 3 a rate expression is derived
including entropy phenomena while in section 4
some numerical results are presented. Some con-
clusions related to the general applicability of our
theory are drawn.

2. Model approaches

It is the aim of this paper to find a qualitative
explanation for the fact that heavier (and larger)
univalent cations may migrate faster through a
transmembrane channel than lighter (and smaller)
ones. For this reason two different models are
treated which mimic particular ion-channel inter-
actions which play important roles in the transport
process. Both models are related to those of our
molecular dynamics simulations for one- and
three-dimensional ionic motion in the channel.
The topological properties of the model systems as
well as the numerical parameters for the different
parts of the interaction are in close correlation
with the corresponding quantities in the gramici-
din A channel.

2.1. The polar group model (model A,
It our molecular dynamics simulations. the pro-

tein channel may be treated [22] as a collection of
charged and uncharged atoms and molecular



J. Brickmann, W. Fischer/Entropy effects on ion diffusion 247

O

b)

S

0 25

75 10 Z

Fig. 1. (a) Arrangements of the carbonyl groups in the channel (schematically) and (b) potential energy along the channel axis =.

groups arranged near the surface of a cylinder.
The details of this model. which will be referred to
in this paper as model A, are cescribed vy the
following statements:

(A1) The electrostatic interaction between the
migrating ion and the channel is reduced to a sum
of point charge interactions between polar groups
(carbonyl groups} near the channel surface and the
ionic charge (see fig. ia). The positive pole of the
polar group is fixed on a cylinder with radius R,
(outer channel radius) while the negative charges
are located inside the channel (distance R_< R,
from the axis).

(A2) The polar groups are assumed to occur in
pairs of two dipoles, with one negative pole point-
ing in the forward and one in the backward direc-
tion of the channel. This model assumption is
related to the gramicidin A molecule where the
carbonyl groups form an alternating sequence
along the helix chain (see fig. la).

(A3) The carbonyl groups are placed opposite
one another in the channel. This arrangement dif-
fers from the one used in our molecular dynamics
simulations. It was made to evoid complicated
geometrical effects which are of minor importance
for the understanding of the transport mechanism.

As has been demonstrated before in the one-di-
mensional treatment of Fischer et al. [18], the
alternating arrangement of the polar groups creates
a potential energy function V(z) for the migrating
ion along the axis (diffusion coordinate z) which is
a periodic function of z with minima at positions
with maximal coulombic attraction between ions

V28 = se [(£)2-(£)°]

Fig. 2. Lennard-Jones (12.6) potential function for the interac-
tion of spherical particles.
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e 3 Potential eneray functions along the x-z plane for Rb* (a). K * (b). and Na ™ (¢) in the channel of model A with R, = 0.37 nm,

R - 0.22 nm and Lennard-Jones parameters of table 1.

an 1 polar groups and maxima at positions with
muximal coulombic repulsion (see fig. Ib).

(Ad) The motion of the ion is confined to the
channel by introducing a repulsive interaction be-
tween the migrating particle and the cylinder
sutface. The repulsive potential is modelled by a
d '?term where d is the distance between the wall
and the particle. This type of interaction takes into
account the overlap of the electron distributions of
two non-bonded atoms and is frequently used in
Lennard-Jones (12.6) potentials (see fig. 2) for the
non-ionic contributions of atom-atom and atom-
molecule interactions [23]. The explicit parameters
of this repulsive potential are drastically depen-
dent on the size of the moving particles. They can
be estimated using Lennard-Jones parameters for
the interaction between two equivalent particles

and combination rules for the repulsive potentials
between different particles [24]. The details of this
procedure are described in appendix A.

(AS5) The non-ionic interactions between the
polar groups and the ion are modelled by the
Lennard-Jones (12,6) potential [23] (fig. 2):

vt =ae](2)"- (2] »

This potential is the most common analytical
potential function for non-bonding interactions of
spherical particles. It has only two parameters, the
range ¢ and the dissociation energy €. ¢ can be
roughly identified with the radius of the sphere in
a hard-sphere model. The particular values for the
ion-specific parameters are obtained again from
standard values [23], using combination rules as
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Fig 4. Porenual energy functions along § (perpendicular to the reaction nath in the x-z plane) at the quasi-equilibrium positions
) and the transition state (- - - - - - ) for Rb* (a). K* (b). and Na™ (c¢) in model channel A. The parameters are those of fig. 3.
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Table |

Paramecters for the ion-channel interaction

(A) Lennard-Jones (12.6) potentials
4

4 c®
Lit-Li+t 2.75 0.58
Na*-Na** 2.94 8.10
K*K*® 3.46 41.70
Rb*-Rb**® 3.62 78.40
0-0" 2.67 159.70
c-Cch 3.76 132.00

(B) Partial charges for the coulomb interactions
o« Cc* Li*, Na*, K*, Rb*

Qred —0.38 +0.45 +1

* From ref, 23.

® From refs. 29 and 30.

¢ From ref. 31.

4 ¢y, elementary charge.

f As multiples of 107 '? m.
£ As multiples of 10723 J.

described in appendix A. As before [22,23], we
used the parameter values for carbon and oxygen
for the polar group atoms, in order to simulate the
carbonyl groups in gramicidin A.

Two- and one-dimensional cuts through the
potential energy surfaces for the migration of Na™,
K* and Rb™* are drawn in figs. 3 and 4, respec-
tively., using the parameters of table 1. Fig. 3a—c
shows the potentials in the plane which contains
the channel axis and the pairs of polar groups. In
fig. 4a—c one-dimensional potential functions per-
pendicular to the diffusion coordinate at the
potential minima and the ‘transition’ states are
shown for the three ions.

Before discussing the consequences of the
potential properties a second model approach is
described, which is more closely analogous to a
continuous description of the protein channel.

2.2. The charged-cylinder model (model B)

Instead of considering single polar groups re-
sponsible for the coulombic interaction between
the ion and the channel, we now treat the channel
as a medium with radial isotropy. The model
assumptions can be summarized as follows:

Fig. 5. Charge distribution for model channel B (schematically).

(B1) The channel has only a few quasi-equi-
librium sites (minima of the potential energy along
the channel axis). These sites are related to an
isotropic coulomb-type attraction between the ion
and the cylinder wall. Only two sites will be treated
in this study (see fig. 5).

(B2) There is a radially isotropic coulombic
repuision between the ion and the channel wall
(see fig. 5) at the potential maximum (transition
state) separating the quasi-equilibrium sites.

(B3) As in model A, the motion of the ion is
confined to the channel by introducing a repulsive
interaction relative to the channel wall which is
again proportional to d~'2. The parameters for
this type of interaction are as in item A4.

(B4) The effective radius R of the channel is
held constant along the axis. Its numerical value
may be chosen as lying between R, and R_ if one
wishes to compare the results of model A and
model B. We have chosen R=(R,+ R_)/2 in
some numerical treatments.

The potential energy for the ion as a function of
the migration coordinate z and the distance r of
the ion from the pore axis is qualitatively similar
to that shown in fig. 3 but it can be treated more
easily, as is demonstrated in appendix B. We can
summarize that the coulombic interaction of the
ion with the wall induces an ionic motion towards
the axis in the transition state area, while in the
quasi-equilibrium positions the ion is attracted by
the wall. The combination of these coulombic
potentials with the repulsive 4~ '? interaction gives
the total potential. It is obvious that in the transi-
tion state area the total potential will predomi-
nantly be influenced by the coulombic potentials,



250 J. Brickmann, W. Fischer/Entropy effects on ion diffusion

2q 2c, VNO(X% 7
I
| I L
; R~ T I
. X
, : Nolxb
' ‘ !
: b
X !
. \ ! i t
| ]
X i
§ 1
! !

Fra. 6. Non-ionic potential #go(x). ionic contribution 15(x)
and total potential function F, (x) for the ion perpendicular to
the diffinion coordinate in model A at the position of the
quast-equilibrium site (schematically).

since these terms are long-range interactions while
the ¢ ' repulsion is a short-range potential. In the
minimum areas both terms contribute significantly
to the total potential and the ion-specific parame-
ters therefore play an important role here. A more
detailed study of the different potential contribu-
tions is presented in the next subsection.

2.3. Consequences of the models

In both of the models presented in the preced-
ing subsections the diffusion coordinate of the ion
is nearly identical with the axis of the pore ( z-axis).
This assumption may not be fulfilied in real sys-
tems like the gramicidin A channel but the effect
of a curvature of the reaction path (the path of
steepest descent in the energy surface) on the
transport rate is only significant if the particle
moves over a relatively long distance (of the order
of the distance between two quasi-equilibrium sites)
withcut being influenced by interactions with the
fluctuational degrees of freedom of the particles
forming the channel. Such an assumption is gener-
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Fig. 7. Potentials U, o(x) 15(x) and V (x) as in fig. & at the
position of the transition state,

ally not true for ion diffusion in molecular chan-
nels. as can be demoanstrated using molecular dy-
namics simulations [18,22]. In general, there are
several *collisions’ between the migrating ion and
the phonons (vibrational quanta) of the channel
molecule during a period of oscillation of the ion
along the diffusion coordinate. Consequently, the
potential models presented above can be interpre-
ted as time-averaged potentials which can be used
in statistical considerations of the diffusion pro-
cess [13]. For such a concept only the partition
functions of the ion at the quasi-equilibrium point
and at the transition state are needed for the
calculation of the rate, while deviations of the
reaction coordinate from a straight line are not
important. We will use the models presented above
to calculate the partition functions for the motion
of the ion perpendicular to the reaction path at the
quast-equilibrium sites and the transition state
sites.

As can be seen from figs. 3 and 4, the potential
function perpendicular to the channel axis (z-coor-
dinate) in model A has quite different forms in the
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x-direction (containing the polar groups) for the
quasi-equilibrium position and the transition state
position, while in the y-direction (perpendicular to
the x- and z-coordinate), the two potentials are
similar. We have to focus our attention on the
x-ccordinate, since for this coordinate strong ion-
specific differences between equilibrium and tran-
sition state are expected.

The potential functions V(x) along the x-coor-
dinate contains two parts, the coulembic interac-
tion ¥,(x) and the non-ionic contribution Fy,(x)-
The qualitative forms of these parts and the total
functions V_(x) can be seen from figs. 6 and 7.

At the equilibrium positions (fig. 6) the ion
‘sees’ an attractive coulombic force originating in
the negative charges in the polar groups, i.e., the
potential Vo(x) has a flat maximum value along
the diffusion coordinate (x = 0) and decreases if
the ion moves towards the channel walls along x.
This motion, however, is bounded by the
Lennard-Jones repulsion term of the non-ionic
potential contribution Vy,(x). The total potential
V.(x) is consequently a slight modification of
VNQ(,\'). i.e., the ion can move along the x-coordi-
nate between +x,= £(R_— o) with relatively
small variations of the potential in this region. The
distance o, _ can be obtained from the Lennard-
Jones parameters o, of the ion and o_ of the
oxygen atom by applying the Lorentz-Berthelot
combination rules (see appendix B)

g,_=(o,.,+0_)/2 (2)

In the statistical treatments of the next section
we will neglect the small variations of the poten-
tials along the x-coordinate and treat the corre-
sponding motion as free-particle motion within a
box of length

L, ,=2R_—0,—0_ (3)

In model B the situation at the quasi-equi-
librium sites is quite similar to that treated above.
The ion now performs a quasi-free motion per-
pendicular to the diffusion coordinate over a dis-
tance r from the axis which is smaller than r, = R
— o, _. Nzglecting again small fluctuations of the
potential the ion can oscillate within an area of

= == (R—0,_)? )

At the transition state sites of model A (fig. 7),
the ionic and non-ionic contributions, V,(x) and
Vuno(x), respectively, are of the same sign. The ion
is focussed toward the center of the channel. A
this position only the long-range coulombic part
V,(x) significantly contributes to the total poten-
tial function V,_ (x). The repulsive non-ionic inter-
action between the ion and the wall of the channel
comes into play only for very high energies. Since
the ionic parts of the potentials are independent of
the sizes of the particles, V_ (x) will become also
independent of these. Consequently. all univalent
ions see roughly the same potential along x at the
transition state (see figs. 3 and 4). This pc:ential
can be modelled by a harmonic oscillator with a
force constant f, which is only dependent on the
charge of the ions

V.(x)=f.x*/2 (5)

In model B again the situation is similar to
model A. Now an isotropical potential well is
formed for the motion perpendicular to the diffu-
sion coordinate at the transition state. The force
constant for this two-dimensional motion is now f,
and the potential can be modelled by a two-di-
mensional oscillator

V(ry=/fri/2=f(x*+3¥2)/2 (6)

In the next section the simplified potentials for
the motion of the ion perpendicular to ihe reaction
coordinate at the quasi-equilibrium site and the
transition states will be used to calculate ion-
specific diffusion rates on the basis of a rate-theo-
retical analysis.

3. Diffusion coefficients from raie theory

It is well known from experimental obscrva-
tions that most hopping diffusion processes in
ordered material have an Arrhenius temperature
dependence (see, e.g.. ref. 25). The diffusion con-
stant can be formally given as

D =D (T)exp(-- £, /KT) (N
where k is Boltzmann’s constant and E, the acliva-

tion energy. The pre-exponential factor D_(¢) is in
general smoothly dependent on the absolute tem-
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perature 7. For a mean jump length a between two
quasi-equilibrium sites the diffusion coefficient D
is related to the site-to-site migration rate » by the
relation

D=da’v/2 (8)

In a series of papers by Liuger and co-workers
[9.13.19]. ion diffusion in biomembrare channels
was dealt with under a rate-theoretical concept
similar to that of solid-state diffusion (see, e.g..
refs. 25 and 26). It has recently been shown [18.22]
that this concept can principally be applied to the
site-diffusion process in model channels of infinite
extension. In this treatment we also apply the
rate-theoretical concept to calculate the site-to-site
migration rate, including explicitly the char-
acteristic model properties outlined in section 2.

In Eyring’s formulation of the absolute rate
theory [20.21,27,28]. the rate constant of a therm-
ally activated rate process is given by the expres-
sion

+
p= %(kT/h).Q*.Q" exp(— Vo /kT) 9)

where M*/M is the ratio of the number of
activated states to the number of sites. &k and /1
Boltz.nann’s and Planck’s constant. respectively.
2% the partizion functions of the transition state
not including the reaction coordinate (diffusion
ce-:dinate). and 2 the total partition function of
the equilibrium state. The value of I is the dif-
ference of the potential energy between transition
staic and quasi-equilibrium well (see fig. 1). We
will use our model properties of section 2 to
estimate the partition functions 2% and 2 for the
case of 1on migration in i channel.

The total partition function £2 of the quasi-equi-
librium sites can be formally given by {21]

A
=020l (10)

where 2 . 2, and £2. are the partition functions for
the ionic motion along the x-, y- and z-direction in
the minimum configuration, respectively, and §2,
the partition functions for the ith mode of the
channel vibrations. We do not know the individual
£2, functions but we can assume — as is done in
standard reaction rate theory — that these func-

tions do not significantly change going from the
quasi-equilib-ium site position to the transition
state posiiici. The transition state partition {unc-
tion consequently can be given as

&
e*=qtei]] e an

-1

With M*/M =1 and eqgs. 10 and 11, the rate
equation (eq. 9) becomes

Qi

=(k T — V. k 2

v (AT/h)QxQ}Q:exp( Vo/kT) (12)

For £2. the partition function of a harmonic oscil-
lator along the diffusion coordinate = can be used
[21]

Q2. =exp(—8./2T)[1—exp(—6./T)] ™" (13)
with
6.=hv./k (14)

and ». being the classical frequency of oscillation
of the ion along the diffusion coordinate in the
equilibrium well. In the high-temperature limit
8. << T, this partition function becomes

. kT
Q.=Ecxp[—hu__/2kT] (15)

For model A (see section 2) the partition function
along the y-coordinate should not significantly
differ in the equilibrium and the transition state,
ie.

Q. =0 (16)

since the potential functions along this coordinate
are not very sens:tive to the diffusion coordinate z.
However, the corresponding functions along the
x-coordinate drastically differ going from the site
to the transition state. For the quasi-equilibrium
state model A this is approximately a partition
function of a one-dimensional free motion in a
box of length L_ (see eq. 3) which becomes in the
high-temperature (classical) limit [21]

Q. = Q=mkT)*L /h (17)

The partition function 2% for motion along x at
the transition state of model A can be approxi-
mated as in eq. 13 by a harmonic oscillator parti-
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tion function
SZf=exp(—0,f/2T)[l——'exp(—B_f/T)]_; (18)
with the high-temperature form

.Q.f'=,£7—;exp(—hx{f/2k7') (19)
1S

and the classical frequency vr¥ in the x-direction
which can be related to the force constant f, of the
potential equation eq. 5 by

vt=(s2/m)"" 25 (20)

With the partition function (egs. 13-19) the total
rate for the site-to-site migration (eq. 12) for model
A becomes

- KT \Y* h
v""=‘%(2_‘7m) LJ'exp[—(V(,+—2—(p}—v:))/kT]

_( ST

2afom

)t et /7] o

The activation energy is smoothly dependent on
the mass of the migrating ion, since »¥ and ». are
mass dependent (see eq. 20) but if those frequen-
cies are of comparable magnitude E, becomes
equal to V4. The pre-exponential factor shows the
usual behaviour with respect to the mass m, i.e.,
v o m~'/2 but there is strong dependence on
the size of the ions via the parameter L _(see eq. 4)

v""cr(ZR_—o+—o_)—' (22)

This factor may cause the small ions to migrate
more slowly than larger ions. From eq. 21, the
ratio R{3) of the diffusion rates of two univalent
ions with masses m; and i, and ‘diameters’ o,
and o,_, becomes (for model A)

v:A) (mz)l/IZR_——al¢—a_

n, 2R_—o,,—0

xexp{g(ff'/z—f:'/l)(mfvz_ml-'/z)} (23)

with A=h/2%.

If /. = f., which is approximately the case in the
model situations discussed in section 2, one ends
up with the simple relation

nrz)l/ZZR_—a-_.+—o_

(= 24
R = ( et (22)

m,

This is an important result, since it shows that
there are two trends regulating the diffusion rate.
These trends are in opposite directions. The nor-
mal mass effect makes a lighter ion faster than a
heavier one while the size effect predicts a higher
diffusion rate for larger ions. This was also found
in some experiments [2,3,7.17]. In section 4 some
numerical treatments are presented using the
parameters from table 1 for theions Li*, Na™*, K+
and Rb™.

Before discussing the consequences of the more
macroscopic model B we will give an intcrpreta-
tion of the surprising result of eq. 24. We will
consider the molar vibrational entropy S,;;, of the
ion for a motion perpendicular to the reaction
path [21]

S.in=R(n2, +7dIn2 , /dT) (25)
where §2, is the partition function for ionic mo-
tion in the x-y plane. The entropy difference AS =
S%, + 8%, can then easily be calculated using the
simplified partition functions described above (see
appendix C).

12
27kT
= ln[—‘tL3 ] (26)

AS
R

-

and the rate »‘*’ (eq. 21) becomes
vM) =pe 12 exp(AS/R) exp(— E, /kT) )

One can conclude from eqs. 26 and 27 that in the
model case (A):

(i) The entropy AS may have a remarkable
influence on the site-to-site migration rate.

(ii) That this entropy is only a function of the
size of the migrating particle but is not dependent
on the particle mass, and consequently.

(iii) That for E, = ¥, (independent of particle
mass) differences in the migration rate of two
particles of equal mass but different size are due
only to entropy effects.

In model B the migration dynamics can be
treated similarly to that of model A. Since the
motion of the ion is now isotropic perpendicular
to the diffusion coordinate, one hz2s with eq. 4
analogously to eq. 17

2.2, =2zmkTFE. /h? (28)
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and analogously to eq. 19
Qfot = ("—T) exp(— hv}/kT) (29)
PA%

which lead to an expression for the site-to-site rate
(see appendix C)

kT ko, \
p By — ——  —ex {—(V +hv,t——')/kT\
2mp¥imF, P ° 2 J

=ve ' exp(AS/R) exp( E, /kT) (30)

which is formally equivalent to eq. 27. Again the
entropy difference AS is independent of the mass
of the ions while the prefactor ». shows the normal
m~'? dependence. Neglecting again the small
modification of the activation energies due to
zero-point vibrational contributions, the ratio R{}’
of diffusion rates of two univalent ions with masses
m, and m, and diameters 6,, and o,, becomes
(for model B)

1/2 2
R‘.*_,":""m=("'=)/ (—R—a“) 31

™ ”y R~-o0,,

where the expression eq. 4 for £, was used. The
relation eq. 31 is equivalent to eq. 24 of model A.
Again it is seen that there are two opposing trends
for migration rate related to the mass m and the
radius o, of the ions. In section 4 some numerical
examples are treated using parameters from
experimental data and earlier simulational calcula-
tions.

4. Numerical results

It was demonstrated above that for both models
A and B the entropy difference AS between the
quasi-equilibrium sites for the ions in the channel
and the transition states separating these sites has
an cffect (in addition to the normal mass effect) on
the diffusion rate which is ion-size dependent but
does not depend on the masses of the migrating
particles. The models are drastic simplifications of
the real protein channels such as the gramicidin A
dimer and their use is justified for predicting
qualitative trends only if well known experimental
and numerical results (from computer experi-
ments) can be sufficiently interpreted. We tested

the treatments outlined above by comparing them
with the experimental data of Eisenmann and
co-workers [2,3.7] and with the molecular dy-
namics results of the present authors [22]. For this
reason we chose parameters in close agreement
with those of the gramicidin A channel and calcu-
lated relative values R{3 (eq. 24) and R{B) (eq. 21)
where the migration rate v, of Na™ was taken as a
reference system. The ratios R{3’ corresponding to
model A are listed in table 2 together with our
molecular dynamics results [22] and the experi-
mental values of Neher et al. [2.3]. We used the ion
parameters. as listed in table 1, for the numerical
calculations. The effective masses of the migrating
particles were chosen to be pure ionic masses or
these masses plus the masses of one or two water
molecules. It is seen that the trend found in experi-
ments and numerical simulations can be suffi-
ciently explained by the simple model approach
presented in this paper. The entropy effect over-
compensates for the normal mass effects (values in
parentheses in table 2) and leads to a higher diffu-
sion rate of the larger ions relative to the smaller
ones. The numerical values for R\3’ (see eq. 24)
agree best with experimental data for effective
masses of the migrating particles, which are larger
than the pure ion masses. indicating that there is
at least a partial solvation of the ions in the
channel. For the smaller ion Li* there are rela-
tively large quantitative differences between the
observed and calculated R, values, although the
trend is given correctly. These deviations are due
to the fact that the simplifying assumption un-
derlying our treaiments — that the ion in the
quasi-equilibrium position moves in a flat
anharmonic well — is probably very crude. As can
be seen from fig. 3, the lighter ions tend to form a
double-well potential perpendicular to the migra-
tion coordinate. If this effect is strong enough, a
modification of the activation energy is expected
apart from the entropy effects discussed above.
We will examine this case in a subsequent article.

We also compared the results of our analytical
treatments with a series of molecular dynamics
results for the diffusion of a univalent ion with the
mass of Na™ but with different sizes [22] (namely.
those of Li*. Na*, K* and Rb™). No mass effects
are expected and in this series. all differences in
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Table 2

Ratios &3 = Ay, Apn,~ for the ionic conductivities A x - and Ay, - in gramicidin A-like chanuels for X = Li, K. Rb

X Experimental Ry, from R,
molecular this work, from eq. 23 &
dynamics
simulation d < f
Li 0.32°
0.32° 0.50 1.50+0.03 1.05+0.02 0.96 +0.02
024°¢ (1.82) (1.28) (1.17)
K 2.33°
201" 1.76 1.85+0.35 2.04+0.35 2.14+0.34
1.93¢ (0.77) (0.85) (0.89)
Rb 3.08*
2.88°P 1.33 2.20+0.54 2.67+1.22 297+135
3.17°¢ (0.52) (0.63) (0.70)

“7¢ From ref. 3 with eclectrolyte concentrations of 50. 100 and 300 mM., respectively.
4-T Calculated with effective ion masses which are the pure ion mass. the mass of the ion plus one and two water molecules,
respectively. R_ = 0.32 nm was chosen. the error bounds are due to a variation of R_by AR _ = 0.5 nm.

& In parentheses the ratios expected from normal mass effect.

the results are only consequences of the sizes of
the particles. In the molecular dynamics work, R,
ratios (with Na™ as a reference ion) of 0.30, 2.24
and 2.72 are produced for Li*, K* and Rb®,
respectively, while eq. 24 predicts values of 0.82,
2.40 and 4.13 for the corresponding quantities,
showing again that our simplifying model is capa-

0 1 1 1 1 1 }
035 040 045 OS50 055 060 065 070

R/nm

Fig. 8. Ratios RS (eq. 31) of the ion-transport rates of Li*.
K* and Rb* with respect to Na™ as functions of the pore
radius R.

ble of predicting the correct trends.

We also tested model B with some numerical
examples. In this case the geometric parameters of
the gramicidin A channel cannot be applied di-
rectly: we have chosen the effective pore radius as
0.35 nm < R <0.70 nm. The ratios R{® for the
migration rate of Li*, K* and Rb™. respectively
with respect to the rate of Na™ are given in fig. 8
as a function of R. Again. drastic entropy effects
are expected if the effective pore radius R de-
creases. The estimates produced by model B can
probably better be used than those of model A in
all cases where only a rough knowledge of the
microscopic channel structure is available.

5. Conclusions

A model approach is introduced in this paper
which takes entiopy effects for the migration rates
of different ions in protein channels into account.
The main results and some conclusions can be
summed up as follows.

(1) Analytical expressions for the ion-transport
rates were derived on the basis of the rate-theoreti-
cal concept using only microscopic parameters of
the channel and the migrating ions.
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(ii) Numerical tests of our expressions show
that not only experimental data but also the re-
sults of numerical computer simulations on the
diffusior of different ions through the extensively
studied gramicidin A channel are well fitted by
our formulas.

(iii) We found that the inversion of the normal
mass effect on the diffusion rates of different ions
is mainly caused by strong entropy effects. The
activation entropies can be explicitly estimated
from microscopic data.

(iv) For small ions and (or) wide channeis, the
entropy effect is accompanied by a change of the
actual activation energy comparing different ion.

Appendix A: Combination rules for Lennard-Jones
(12,6) parameters

Non-ionic interactions between equivalent
atoms or molecules with approximately spherical
shape can be well described by Lennard-Jones-type
potentials ¥'3%(r) (eq. 1). The parameters ¢ and
for a neutral system are generally easily obtained
from experimental sources, but the corresponding
values for ions can only be determined indirectly.
for instance. from alkali halide data by applying
the so-called combination rules for the potentials
between different partners [23]. For two parameter
potentials such as a Lennard-Jones interaction, the
so-called Lorenz-Berthelot rules [24] are com-
monly used

o= (0, +032)/2 (A1)
€12 = (‘u(:z)l/:

We use averaged o and e values for the ions Li™.
Na ‘. K* and Rb* and the well known parameters
for C and O atoms to calculate the effective ion-
channel interaction. Since the o parameters roughly
correspond to the particle radii. one can see that
the additivity rule of hard spheres is sufficiently
valid also in the Lennard-Jones interaction case.

Appendix B: Coulombic energy for a charged par-
ticle in a ciarged ring

In a single approximation the potential energy
for the ion in the channel of model B can be

obtained from the interaction of a uniformly
charged ring of total charge Q with the particle.
The partial charge of a small piece ds of the ring is
then given

dQ = pds (B1)
with the charge density
p=Q/2=R (B2)

and the radius R of the pore. The coulombic
energy for an ion (charge g) with distance r from
the axis can then be given by the integral

V(r)— ¢ds/r (B3)

where r’ is the distance between the ion and a
point on the ring with coordinates R = (R.$).
Simple geometric transformation yields

r'=[r*+R*-2Rrcos 5] (B4)

and V(r) becomes

v(r)= %/(;27[( R — r)2+4rR sinzg—] - l/2d¢

2 -1/2
e 2R e de
—-(R—r)-[ [ (R—r )_Sm ]

 20q ARY A
_TT(R—")F(’ R—r E)

(85)

where F(k, w/2) is the complete elliptic integral of
the first kind [32]. For Q>0 and ¢>0, V(r)
forms a radially isotropical poteniial well similar
to an isotropical oscillator.

Appendix C: Entropy calculations

C.1. Model A

The partition functions of the quasi-equilibrium
state and the transition state for motion per-
pendicular to the diffusion coordinate only differ
with respect to the 2, contribution. For the ent-
ropy difference AS, consequently. only these parts
are important. The corresponding molar entropies
S, and ST are given from eq. 25 with egs. 17 and
19
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Se=R(InR,+7TdIn R, /dT)

R('l 27mkTL2 +
= in————=
- h?

lm

) «<n

and

§*f= R(in Q% + TdIn 2% /dT)

- R(’"o_c + 1) (€2)

x

The entropy difference AS becomes

= g -ln( —-—27"12;;0:2 ) + 1] (C3)
or with 193.= hv¥/k the expression becomes
AS= ; ln;ﬁ; + 1]

_z 1 j_;gH} (cay
C.2. Model B

In this case the partition functions in the
quasi-equilibrium site and the transition state are
dependent on the x- and y-coordinate (see egs. 28
and 29). Consequently, the corresponding entropy
expressions become

=R[In(2,2,)+TdIn(2,2,)/dT ]|
= R{n(2=mkTE /h*)+1] (C3)
and

5% =R[n(2t2})+TdIn(20F)/dT |

=R[1n( kT )—+z] (C6)
hv}

The entropy difference becomes

- R[mk_kn 1] )
F
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